Some new concepts of generating spaces of quasi-norm family are introduced and their linear topological structures are studied. These spaces are not necessarily locally convex. By virtue of some properties in these spaces, several Schauder-type fixed point theorems are proved, which include the corresponding theorems in locally convex spaces as their special cases. As applications, some new fixed point theorems in Menger probabilistic normed spaces and fuzzy normed spaces are obtained.
Introduction
The Schauder fixed point theorem and its generalizations which were obtained by Krasnoselskii et al. (see [3, 5] , we call them the Schauder-type fixed point theorems), play important role in nonlinear analysis. In classical case, many interesting extensions and important applications of these theorems were presented by Fan [1] and others. In nonclassical case, several extensions of these theorems in Menger probabilistic normed spaces were given under some conditions by Zhang-Guo [11] and Lin [6] . Naturally, a subject is to consider their unified extensions both in classical case and in nonclassical case. In this paper, we introduce some new concepts of generating spaces of quasi-norm family, and establish some new unified versions of Schauder-type fixed point theorems in more general setting. As applications, we also study the existence problems concerning the fixed points for operators on Menger probabilistic normed space and fuzzy normed space. Our results contain not only the former versions of the Schauder-type fixed point theorems but also the corresponding theorems in Menger probabilistic normed spaces and fuzzy normed spaces as their special cases.
Fixed point theorems in generating spaces of quasi-norm family
Throughout this paper we denote the set of all positive integers by Z + and the field of real or complex numbers by E.
Fixed point theorems in generating spaces
Definition 2.1. Let X be a linear space over E and θ the origin of X. Let 
Proof. It follows immediately from (QN-2) and (QN-4). Remark 2.5. From Lemma 2.4 we see that the topology -Q can be described using sequence instead of net or filter. Definition 2.6. Let (X,Q) be a generating space of quasi-norm family.
( Proof. By (QN-3t), for {x n } ⊂ X and x ∈ X, we have
that is, ||x n | α − |x| α | ≤ |x n − x| β , showing the assertion is true.
In the sequel, we denote the closure of a set B by B, the convex hull of B by co B and the closure of the convex hull of B by coB. Now, we give our main theorems. Proof. For n ∈ Z + and α n ∈ (0,1/n], by (QN-3u), there is β n ∈ (0,α n ] such that
Observe that a subset of a precompact set is also precompact. Since C is compact and
.., p n . Since the quasi-norms are continuous on X and T is continuous on C, we have that g in (x) is continuous on C. If x ∈ C, then by (2.12), there exists i 0 (
Then T n is a continuous operator on C. Notice that g in (x) = 0 if and only if |Tx − y in | αn+1 < α n+1 . For each x ∈ C, by (2.11) and (QN-2) we have that
(2.14)
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. Since C is compact and convex, by (2.13) we have that T n C ⊂ C n and C n ⊂ C. Thus, T n C n ⊂ C n . Since Y n is a finite dimensional closed subspace of X and the bounded convex closed set C n ⊂ Y n , by the Brouwer fixed point theorem and Lemma 2.8(i), there exists x n ∈ C n such that T n x n = x n . Since {x n } ∞ n=1 ⊂ C and C is compact, without loss of generality, we can suppose that lim n→∞ x n = x 0 ∈ C. For each α ∈ (0,1], by (QN-3u) and (QN-4) , there exists β ∈ (0,α/3] such that
Since T is continuous and lim n→∞ α n = 0, there exists a K ∈ Z + such that α n ≤ β, |x 0 − x n | β < β and |Tx n − Tx 0 | β < β for all n ≥ K. By (2.14) we have that
This completes the proof.
As a direct consequence of Theorem 2.10, we can obtain the following by Lemma 2.9. Proof. Set B = TC. We will prove that coB is compact. For each α ∈ (0,1], applying (QN3u) and (QN-4), there exists a β ∈ (0,α/3) such that
Since TC is compact, we obtain that B is precompact. Thus, there exist an n γ ∈ Z + and 
..,k). By (2.18), we have that
(2.20)
. Since k j=1 e j x j ∈ C γ , from (2.20) we get that
Since Y γ is a finite dimensional space and C γ a bounded set of Y γ , we derive that C γ is compact. Thus, there exist k γ ∈ Z + and
. Hence, by (2.17) and (2.21) we have that
showing coB is precompact. Since X is complete, we obtain that coB is complete. Applying Lemma 2.8(ii), coB is compact. Since B ⊂ C and C is a closed convex set, we derive that coB ⊂ C. Clearly, T(coB) ⊂ TC = B ⊂ coB. Therefore, T is a continuous operator from the convex compact set coB into itself. Applying Theorem 2.10, there exists x 0 ∈ coB ⊂ C such that Tx 0 = x 0 . This completes the proof.
As a direct consequence of Theorem 2.12, we can obtain the following by Lemma 2.9. 
Proof. Suppose that z ∈ T 2 C. Define
(2.24)
J.-Z. Xiao and X.-H. Zhu 7 Then T z x − T z y = T 1 x − T 1 y. Since C is closed, by (i) and (iii) we have that T z is a contractive operator from C into C. Set y n+1 = T z y n , where n ∈ Z + and y 0 ∈ C. Then
Since (QN-3t) and (QN-4) imply (QN-3u), for each α ∈ (0,1], by (i) and (QN-3u), there exists a β ∈ (0,α] such that
showing that {y n } is a Cauchy sequence in C. Since X is complete and C closed, lim n→∞ y n = y ∈ C. Observe that T is continuous. From y n+1 = T z y n we derive that T z y = y. By (i) we see that y is a unique fixed point of T z . Define S : Sz = y. Then S is an operator from T 2 C into C. By (2.24) we have that Remark 2.15. From Lemmas 3.5 and 2.9 we see that, if (X,Q) is a generating space of semi-norm family, then it is a locally convex Hausdorff linear topological space and its semi-norms are continuous. Noticing that (QN-3e) implies (QN-3u) and (QN-3t), Theorems 2.10, 2.12 (Corollaries 2.11, 2.13) and Theorem 2.14 are in some sense the generalizations of fixed point theorems (in locally convex space) of Schauder-Tychonoff, Schauder-Hukanare and Schauder-Krasnoselskii, respectively.
